Thermal conditions at the porous-fluid interface under local thermal nonequilibrium (LTNE) conditions are analyzed in this work. Exact solutions are derived for both the fluid and solid temperature distributions for five of the most fundamental forms of thermal conditions at the interface between a porous medium and a fluid under LTNE conditions and the relationships between these solutions are discussed. This work concentrates on restrictions, based on the physical attributes of the system, which must be placed for validity of the thermal interface conditions. The analytical results clearly point out the range of validity for each model for the first time in the literature. Furthermore, the range of validity of the local thermal equilibrium (LTE) condition is discussed based on the introduction of a critical parameter. The Nusselt number for the fluid at the wall of a channel that contains the fluid and porous medium is also obtained. The effects of the pertinent parameters such as Darcy number, Biot number, Bi, Interface Biot number, Bi int , and fluid to solid thermal conductivity ratio are discussed.
Introduction
Due to its wide range of engineering applications, convective heat transfer in porous media has gained increased interest in recent years. These applications include geothermal engineering, heat pipes, solid matrix heat exchangers, electronics cooling, enhanced oil recovery, thermal insulation, and chemical reactors. Among which, thermal convection in composite systems is an important aspect. This system consists partly of a porous region and partly of an open region. One example is a channel with a partially filled porous medium. Poulikakos and Kazmierczak [1] studied fully developed forced convection in a channel, where the porous matrix was attached at the channel wall but did not extent throughout the channel. The results showed that there was a critical value of porous region thickness at which the Nusselt number reaches a minimum. Chikh et al. [2] investigated forced convection between two concentric cylinders where the inner cylinder is exposed to a constant heat flux, a porous layer is attached to the inner cylinder and the porous material does not extend across the full annulus. It was also found that there exists a critical thickness of the porous layer at which heat transfer is minimum in the case of low thermal conductivity materials; however, this was not observed for the highly conducting materials. Alkam and Al-Nimr [3] presented a method to improve the thermal performance of a conventional concentric tube heat exchanger by inserting highthermal conductivity porous substrates on both sides of the inner tube wall. Mohamad [4] numerically investigated heat transfer enhancement in a pipe or a channel with the porous medium partially filling the core of the conduit. It was found that this method can enhance the rate of heat transfer, while the pressure drop is much less than that for a conduit fully filled with a porous medium. Pavel and Mohamad [5] experimentally investigated the problem of air flowing inside a pipe when different porous media are emplaced at the core of the pipe. The results showed that a partial filling has the advantage of a comparable increase in the Nusselt number and a smaller increase in the pressure drop. Kim et al. [6] numerically investigated forced convection in a circular pipe partially filled with a porous medium, which included two types of configurations (in two separate cases). It was found that there exists a critical porous layer thickness where the Nu reaches a minimum in one case and a maximum for another case. Satyamurty and Bhargavi [7] studied forced convection in the thermally developing region of a channel where a partially filled porous medium was attached to one wall only. Kuznetsov [8] has obtained some solutions for the velocity and temperature distributions for few composite systems.
Different types of interfacial conditions between a porous medium and a fluid layer have been presented in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Beavers and Joseph [9] first presented a velocity interfacial condition based on a slip velocity proportional to the exterior velocity gradient, which was shown to be in reasonable agreement with experimental results. References [1] [2] [3] [4] [5] [6] [7] [8] utilized continuity in both the temperature and heat flux at the interface. Vafai and Thiyagaraja [10] presented a detailed analytical solution for the velocity and temperature distributions, as well as the Nusselt number distribution, for three general and fundamental interfaces, namely, the interface between two different porous media, the interface between a fluid region and a porous medium and the interface between an impermeable medium and a porous medium. Vafai and Kim [11] first derived an exact solution for the fluid mechanics of the interface region between a porous medium and a fluid layer, accounting for both boundary and inertial effects. Alazmi and Vafai [12] comprehensively analyzed five fundamental hydrodynamic interface conditions and four thermal interface conditions. It was shown that the variance within different models have a negligible effect on the results for most practical applications.
There are two primary ways for representing heat transfer in a porous medium, LTE model and LTNE model. The LTE model is more convenient to use, and it is utilized by the above-mentioned references [1] [2] [3] [4] [5] [6] [7] [8] 10, 12] . However, the temperature difference between the fluid and solid phases within the porous media may be significant and the assumption of local thermal equilibrium is not valid for some applications. Therefore, the LTNE model has been analyzed in the past [13] [14] [15] [16] [17] . Because there are two regions with different temperatures, namely, the solid and fluid phase temperatures of the porous region and the fluid temperature of the fluid region, the use of the LTNE model requires an additional thermal interfacial condition. Ochoa-Tapia and Whitaker [18] developed the heat flux jump conditions between a porous medium and a homogeneous fluid based on a volume averaging theorem, in which an excess surface heat exchange term was introduced to control the total heat flux distribution between the solid and fluid phases within the porous region. However, either experimental studies or numerical experiments are needed to determine the excess surface heat transfer coefficient. The presented work has applications in various areas [19] [20] [21] [22] [23] [24] . Five of the most fundamental forms of thermal conditions at the interface between a porous medium and a fluid under LTNE condition are analyzed, leading to a presentation of exact solutions for all of the analyzed conditions. The work concentrates on the restrictions based on the physical attributes of the system that must be placed for the validity of the thermal interface conditions. The analytical results clearly point out the range of validity for each model in terms of the pertinent physical parameters. This is the first time that the existence of restrictions on the validity of the thermal conditions at the porous-fluid interface has been established. This is crucial, as the inappropriate use of the interface conditions can lead to substantial errors. Furthermore, the range of validity of the LTE condition is discussed based on the introduction of a critical parameter.
Modeling and Formulation
The problem under consideration is shown schematically in Fig. 1 . Fluid flows through a rectangular channel partially filled with a porous medium subject to a constant heat flux boundary condition. The height of the channel is 2H, the height of the porous medium is 2H 1 and the heat flux applied at the wall is q w . The following assumptions are invoked in the analyzing this problem.
(1) The flow is steady and incompressible. Based on these assumptions, the governing conservation equations are written separately for the porous and open regions. For the porous region, the energy equations are obtained from the works of Amiri and Vafai [13, 14] employing the local thermal nonequilibrium model.
where T f and T s are the fluid and solid temperatures, u the fluid velocity, k f ;eff , and k s;eff the effective fluid and solid thermal conductivities, respectively, q and c p the density and specific heat of the fluid, h i the interstitial heat transfer coefficient, and a is the interfacial area per unit volume of the porous medium. The momentum equation in the porous region is
where K denotes the permeability, m f the fluid dynamic viscosity, and p the pressure. For the open region the momentum and energy equations, respectively, are
The boundary conditions for this problem are @u @y
which is the slip velocity condition at the interface between the open and porous regions based on Beavers and Joseph [9] , where u B denotes the interface velocity, u p the velocity in the porous medium, a Ã the velocity slip coefficient, which is a dimensionless quantity depending on the material.
In this work, we develop five models to describe the temperature interface conditions between the open and porous regions. These are models A, B (composed of three sub models: B.1, B.2, and B.3), and C. The interface conditions for these models are given below:
2.1 Model A. When the heat transfer between the fluid and solid phases at the interface is large enough, their temperatures are equal at the interface. That is
where q i is the heat flux at the interface, which represents the heat energy transferred through the porous region. 2.2 Model B. For most cases, the heat transfer between the fluid and solid phases at the interface is not large enough, thus their temperatures are not equal at the interface. Therefore, a interface thermal parameter, b, is introduced to evaluate the total heat flux distribution between the solid and fluid phases at the interface in Model B.
where b is the ratio of heat flux for the fluid phase to the total heat flux at the interface. The ratio b can be calculated based on the following three different methods.
where e denotes porosity, k f and k s the fluid and solid thermal conductivities, respectively.
Model C.
The temperatures of fluid and solid phases are considered not to be equal at the interface, and the heat flux jump interfacial condition presented by Ochoa-Tapia and Whitaker [18] is utilized as the basis for Model C, in which a interface heat transfer coefficient, h int , is introduced to calculate the heat exchange between fluid and solid phases at the interface.
To normalize the governing equations, boundary conditions and interface conditions, the following dimensionless variables are introduced
where T s;i is the temperature for solid phase at the interface and Bi is the Biot number which represents the ratio of the conduction resistance of the solid phase to the heat exchange resistance between the fluid and solid phases [16] . Adding governing Eqs. (1) and (2), and integrating the resultant equation from the center to the fluid-porous interface and applying the corresponding boundary and interface conditions, the following equation is obtained.
By integrating Eq. (5) from the interface to the wall and applying the corresponding boundary and interface conditions, the following equation is obtained.
where u m;open is the average fluid velocity within the open region. Based on the work of Beavers and Joseph [9] , the solutions for momentum Eqs. (3) and (4) and the corresponding boundary and interface conditions (6), (8) , and (10) are obtained as For the porous region:
For the open region:
where U B is the dimensionless interface velocity
The dimensionless average velocity within the open region is calculated as
The dimensionless average velocity over the channel cross section is calculated as
Based on Eqs. (22)- (25), (28) and Eq. (29), the dimensionless heat flux at the interface is derived as
2.4 Temperature Solution for Interface Condition of Model A. Using Eqs. (22)-(30), the energy equations and the corresponding boundary and interface conditions for Model A can be rewritten as
Utilizing the two coupled governing Eqs. (31) and (32), the following governing equations for the fluid and solid temperatures of porous region are obtained.
By utilizing the boundary and interface conditions (34) and (35) in Eqs. (31) and (32), the following equations are obtained.
The temperature distribution for porous region is found by solving Eqs. (37) and (38) and applying the boundary Eqs. (34), (35), (39), and (40). The resultant equations are
where,
The temperature distribution for open region is found by solving Eq. (33) and applying the boundary Eqs. (35) and (36). The resultant equations are
where
2.5 Temperature Solution for Interface Condition of Model B. The interface conditions for Model B can be rewritten as
The
For open region
where h f g 
Temperature Solution for Interface Condition of Model C. The interface conditions for Model C can be rewritten as
The temperature distribution is found by solving governing Eqs. 
For open region 
where, b cr denotes critical ratio of heat flux for the fluid phase to the total heat flux at the interface, which represents the minimum ratio of heat flux for the fluid phase to the total heat flux at the interface. 
Substituting Eqs. (62) and (63) in Eq. (17.2), which uses only k f and k s and not k f ;eff and k s;eff , results in at the interface will be equal, thus the solution for Model C will transform into the solution for Model A, and the solid phase at the interface will get the maximum fraction of the total heat flux at the interface, which is equal to 1 À b cr . (d) When Bi int ! 0, the heat exchange between fluid and solid phases at the interface vanish, thus the solution for Model C will transform into the solution for Model B for b ¼ 1.
Temperature
Results and the Validity of the LTE Condition. The dimensionless temperature distributions for Model A for different pertinent parameters g 1 , Bi, and k are shown in Fig. 3 . It should be noted that, based on the above-mentioned discussion, these temperatures are also the solutions for Model B for b ¼ b cr and the solutions for model C for Bi int ! 1. When Bi is small, which translates into a weak internal heat transfer between the fluid and solid phases, the temperature difference between the two phases is relatively large, as shown in Figs. 3(b) and 3(c) . However, when g 1 decreases, the temperature difference between the two phases is quite small, even for a small Bi, as shown in Figs. 3(e)-3(f) . The reason for this phenomena is that, when g 1 is small, the heat flux at the interface is also small, as shown in Fig.  4 . This means that only a small proportion of the imposed heat flux at the boundary is transferred into porous region, thus the influences of Bi and k can be negligible. From Eq. (30), it is found that the heat flux distributions at the interface is mainly dependent on Da and g 1 , and independent of Bi and k. As can be seen in Fig. 4 , when Da increases, more energy will be transferred through the porous region, thus the properties of the porous medium will have more influence on the temperature distributions. The dimensionless temperature distributions for Model C are shown in Fig. 5 . Comparing Figs. 3(a)-3(d) and 5, it is found the temperature difference between fluid and solid phases at the interface increases as Bi int becomes smaller. Different Bi int will result different temperature distributions within the porous region. When Bi int ! 1, the solid phase temperature is always larger than that of the fluid phase within the porous region except the porous-fluid interface, where the temperature of solid phase is equal to that of the fluid phase. However, when Bi int doesn't approach infinity, the fluid phase temperature is larger than that of the solid phase within the part of the porous region near the interface, and smaller than that of the solid phase within the other part of the porous region, as shown in Fig.  5 . This results a changing of the direction of heat exchange between the solid and fluid phases.
The maximum relative temperature difference between solid and fluid phases within the porous region is computed as follows: The variable %Dh varies as a function of g 1 as shown in Fig. 6 . This figure reveals that the maximum relative temperature difference between solid and fluid phases increases as g 1 and Da become larger. To examine the LTE condition, a critical g 1;cr is introduced (as displayed in Fig. 7) , at which the maximum relative temperature difference between solid and fluid phases within the porous region is within a small percentage difference. This small percentage difference is chosen to be 2%. That is Figure 6 demonstrates that (a) when g 1 > g 1;cr , %Dh > 2:0, thus the LTE condition is considered to be invalid; (b) when g 1 < g 1;cr , %Dh < 2:0, thus the LTE condition is considered to be valid. Figure 7 displays g 1;cr variations as a function of pertinent parameters k,Bi,Bi int , and Da. It is found that g 1;cr increases as Bi becomes larger or k becomes smaller. When g 1 is small enough, the LTE condition is valid even for a small Bi, which can translates into a weak internal heat transfer between the fluid and solid phases. On the other hand, when g 1 is large enough, the LTE condition is not valid even for a large Bi. When Da becomes small, g 1;cr will increase. The reason for this is that less energy will be transferred into the porous region as Da decreases. Comparing between Figs. 7(a) and 7(b), it is found that Bi int has an important influence on g 1;cr . For example, when k ¼ 0:01 and Bi ¼ 10, different Bi int will result in quite different g 1;cr distributions.
3.4 Nusselt Number Results. The nondimensional bulk mean temperature of the fluid can be calculated as
The wall heat transfer coefficient is obtained from Since there are many parameters which will influence the heat transfer performance, a sensitivity analysis according to the Spearman Rank Correlation Coefficients method based on Monte Carlo sampling is implemented to show the relative importance of various parameters before discussing the Nusselt number results. As can be seen in Table 1 , Da, g 1 , and k have a strong influence on the Nusselt number; Bi, Bi int , b, and e have a moderate influence on the Nusselt number, while a Ã has a weak influence on the Nusselt number. Figure 8 presents the variations of the Nusselt number for Model A. It is seen that, in general, the variations of Nusselt number as a function of g 1 can be divide into three stages. During the first stage, the Nusselt number increases as g 1 increases. After that, if g 1 continues to increase, the Nusselt number will drop. This can be referred to as the second stage. During the third stage, as g 1 increases further it will translate into the interface reaching almost to the wall. This will cause the Nusselt number to increase once again. The reason for the existence of these three stages can be explained using Figs. 9 and 10. Figure 9 presents the dimensionless velocity distributions as a function of g 1 . Figure 10 present the variation of the maximum velocity at the open region for pertinent parameters g 1 and Da. It is found that, when the average velocity over the channel cross section is maintained unchanged, i.e., for the same Reynolds number, the maximum velocity at the open region will first increase and then decrease as g 1 increases from zero to one, while its location will move towards the wall. The heat transfer performance within the whole channel, which can be represented by the Nusselt number, is dependent on both the heat transfer characteristics of the porous region and that of the open region. During the first stage, an increase of the maximum velocity at the open region with g 1 results in a heat transfer enhancement at the open region. In the meantime, as shown in Fig. 4 , since only a small amount of energy is transferred into the porous region, this will almost have no influence on the heat transfer performance within the porous region. Overall, this will result in an increase in Nusselt number. During the second stage, a decrease in the maximum velocity at the open region with g 1 results in a reduction in the heat transfer at the open region. Since only a relatively small amount of the imposed flux is transferred into the porous region, its influence on the heat transfer performance at the porous region is limited. Overall, this will result in a decrease in the Nusselt number. During the third stage, even though a drop in the maximum velocity within the open region will weaken the heat transfer at open region, there will be a heat transfer enhancement within the porous region because a large amount of energy is transferred by the porous medium, and the extensive interfacial area and tortuous flow passages within porous structure participate more actively in the heat exchange. Overall, this results in an increase in the Nusselt number. A large Da will increase the energy transferred by the porous region, and a large Bi will enhance the heat exchange between the fluid and solid phases within the porous medium. As such the heat transfer within the porous region is enhanced and the second stage of the variation of the Nusselt number will disappear, such as the case of Da ¼ 1 Â 10 À3 and Bi ¼ 10:0, as shown in Fig. 8(b) .
It is found that when a Ã ¼ 0, and as g 1 ! 0, the Nusselt number will approach 8.235, which agrees well with the analytical solution for a smooth channel. On the other hand, as g 1 ! 1, the Nusselt number will become independent of Darcy number and is just dependent on the thermal condition at the porous-fluid interface. This is because that the fluid flow through the porous medium is represented by the Darcian flow model. Furthermore, if the Nusselt number is redefined as in Eq. (75) given below, which is the definition of Nusselt number used by Lee and Vafai [15] , the Nusselt number calculated from Model A for g 1 ! 1 will approach that derived by them [15] .
The Nusselt number variations as a function of pertinent parameters k,Bi,Bi int , and b for Models B and C are shown in Figs. 11 and 12, respectively. It should be noted that the Nusselt number calculated from Model B for b ¼ 1 is also that calculated from Model C for Bi int ¼ 0; and the Nusselt number calculated from Model B for b ¼ b cr is also that calculated from Model A as well as the one calculated from Model C for Bi int ! 1. When Bi int becomes larger, or b becomes smaller, which will be translated into an enhanced heat transfer between the fluid and solid phases at the interface, more energy is transferred into the solid phase through interface. Since this energy is more effectively transferred through the porous structure, the Nusselt number will increase. When Model A is valid, the heat transfer between the fluid and solid phases at the interface has relatively the highest enhancement, thus the maximum fraction of the total heat flux at the interface will be transferred into the solid phase at the interface. Therefore, the Nusselt number calculated from Model A will be the largest among the three models. Furthermore, when Bi becomes larger, which translates into an enhanced internal heat transfer between the fluid and solid phases within the porous region, the Nusselt number will also increase. When k is large, a relatively smaller fraction of the imposed load will be transferred into the solid phase at the interface for any of the considered models, as seen in Fig. 2 . As such, the thermal conditions at the porous-fluid interface will have almost no influence on the variations of Nusselt number, as shown in Figs. 12(c) and 12(d). 
